Abstract. We introduce the notions of Chern-Dirac bundles and Chern-Dirac operators on Hermitian manifolds. They are analogues of classical Dirac bundles and Dirac operators, with Levi-Civita connection replaced by Chern connection. We then show that the tensor product of canonical and the anticanonical spinor bundles, called V-spinor bundle, is a bigraded Chern-Dirac bundle with spaces of harmonic sections isomorphic to the full Dolbeault cohomology class. A similar construction establishes isomorphisms between other types of harmonic sections of the V-spinor bundle and twisted cohomology.
Introduction
A Dirac bundle over a Riemannian manifold (M, g) is a real or complex vector bundle π : E → M endowed with a Riemannian or Hermitian metric h, a metric connection D and a Clifford multiplication c : Cℓ M → End(E), i.e. a structure of left Cℓ M -module with respect to which the multiplication by tangent vectors is fiber-wise skew-adjoint and covariantly constant. For every such a bundle, there is a distinguished operator, called Dirac operator, which plays a central role in many areas of Differential Geometry and Theoretical Physics (see e.g. [5, 8] for an introduction to this topic). The most notable examples of Dirac bundles are spinor bundles on the so called spin or spin C manifolds.
One of the most important property of Dirac operators is the fact that they are first order, elliptic and formally self-adjoint operators, whose squares have the same principal symbol of the rough Laplacian. On the base of such properties, one may expect the existence of Hodge type theorems for Dirac operators, relating the null spaces of these operators with appropriate cohomology groups of the manifold. This expectation is however contradicted by Hitchin's results in [7] , where it is shown that the dimensions of the null spaces of Dirac operators cannot be expressed in purely topological terms. Still, in the special case of Kähler geometry, there exist such strong interactions between Clifford multiplications and complex structures which give rise to some notable isomorphisms between the null space of the Dirac operators and certain cohomology groups of the manifold. More precisely, given a compact Kähler 2n-manifold (M, g, J), the following facts hold.
i) M admits a canonical spin C spinor bundle which is isomorphic to Λ 0, · (T * M ) and whose Dirac operator coincides with √ 2 ∂ +∂ * . From this one gets that the space of harmonic spinors is isomorphic to the Dolbeault cohomology class H 0, · ∂ (M ) (see e.g. [5] , §3.4, or [8] , Appendix D).
ii) The complex Clifford bundle Cℓ C M := Cℓ M ⊗ R C of M always carries a very rich algebraic structure, which has been systematically studied by Michelsohn 
Preliminaries and notation
In this section we briefly summarize some basic notations and properties of spin C structures and spinors over Hermitian manifolds. We refer to [5] , §3.4, for a more detailed treatment of these tools. However, we stress the fact that we are using the definition of Clifford algebra of [8] , based on formula (2.5). The sign convention used in [5] is opposite to ours and this causes differences in some formulas of this paper from those of that book.
2.1. Hermitian manifolds and Chern connections. Let (M, g, J) be a 2n-dimensional Hermitian manifold, with fundamental form ω := g(J·, ·). The J-holomorphic and J-antiholomorphic subbundles of T C M are denoted by T 10 M and T 01 M , respectively. Analogously, the corresponding dual subbundles of T * C M , determined by the J-action on covectors (Jλ)(·) := − λ(J·), are denoted by T * 10 M and T * 01 M , respectively. The bundle of (p, q)-forms is indicated by Λ p,q (T * M ) and the space of its global sections by Ω p,q (M ). The decomposition d = ∂ +∂ is the usual expression of the exterior differential d as sum of the classical ∂ and∂ operators.
We denote by π : SO g (M ) → M the SO 2n -bundle of oriented g-orthonormal frames and by U g,J (M ) ⊂ SO g (M ) the U n -subbundle of (g, J)-unitary frames, that is of the frames (e j ) satisfying the conditions g(e j , e ℓ ) = δ jℓ and Je 2j−1 = e 2j . Further, for each unitary frame (e j ) ⊂ T x M , x ∈ M , we denote by ǫ s := e 2s−1 − ie 2s √ 2 , ǫ s := e 2s−1 + ie 2s √ 2 1≤s≤n , (2.1) the complex frame given by the normalized holomorphic and anti-holomorphic parts of the vectors e s . We call it associated normalized complex frame. Note that, given an unitary frame (e j ) for T x M , the Kähler form
The Levi-Civita connection of (M, g) is the torsion-free so 2n -valued 1-form ω LC on SO g (M ) and its corresponding covariant derivative on vector fields of M is denoted by D LC X . Similarly, the Chern connection of (M, g, J) is the u n -valued connection form ω C on U g,J (M ), whose associated covariant derivative D C X on vector fields of M has torsion satisfying T (J·, ·) = T (·, J·). The covariant derivatives of the Levi-Civita and Chern connections are related by
where S is the uniquely determined contorsion tensor of the Chern connection. It is well known that the torsion and the contorsion of Chern connection are given by
and they are related by
Finally, we recall that the Lee form of (M, g, J) is the 1-form
where (e j ) is an arbitrary choice of a (local) unitary frame field on M . One can directly check that the fundamental form ω and the Lee form ϑ are related by
where d * is the adjoint of d with respect to g.
Complex spin representations and Spin
C n . We recall that the Clifford algebra Cℓ n is the real associative algebra with unit generated by n elements (e j ) satisfying
As vector space, Cℓ n can be identified with Λ · (R n ) in such a way that
The spin group is the subset Spin n := v 1 · . . . · v 2r : v j ∈ R n , ||v j || = 1 equipped with the multiplication of Cℓ n . If n ≥ 3, it is simply connected and it is the universal covering of SO n by means of the map
where refl v is the reflection of R n with respect to v ⊥ . We denote by S n the space of complex n-spinors, by · : Cℓ n ⊗S n → S n the standard Clifford multiplication and by κ n : Spin n → SU(S n ) the spin representation of Spin n , where we consider S n endowed with a positive definite Hermitian scalar product which is invariant under Clifford multiplications by vectors v ∈ R n ⊂ Cℓ n . Let now Cℓ C n = Cℓ n ⊗ R C be the complex Clifford algebra. In the even dimensional case, Cℓ C 2m is generated by complex vectors (ǫ j , ǫ j ), related with the generators (e j ) by the formula (2.1), which verify ǫ r ·ǫ s + ǫ s ·ǫ r = ǫ r ·ǫ s + ǫ s ·ǫ r = 0 , ǫ r ·ǫ s + ǫ s ·ǫ r = −2δ rs .
(2.7)
Finally, we recall that the Spin C -group is the Lie group Spin
and admits a representation on S n , denoted again by κ n , defined by
structures on Hermitian manifolds. Let (M, g) be an oriented Riemannian manifold with oriented orthonormal frame bundle π :
) is a Spin C n -bundleπ : P → M together with an equivariant bundle morphism ̟ : P → SO g (M ) such thatπ = π • ̟. Given a spin C structure P, the corresponding spinor bundle is the associated bundle SM := P × κn S n . The space of its global sections is indicated with S(M ).
Most, but not all, orientable Riemannian manifolds admit a spin C structure (see [8] , p. 393). A crucial property of the subclass of Hermitian manifolds is that all of them have two very natural spin C structures. In fact, the homomorphisms
where ı Un : U n ֒→ SO 2n is the canonical immersion of U n into SO 2n , can be uniquely lifted to two group homomorphisms F ± : U n → Spin C 2n in such a way that the diagram
If SM is a spinor bundle on (M, g, J) associated with a spin C structure, it is known that the Kähler form ω = ω g,J acts on SM by Clifford multiplication as a bundle endomorphism. Its eigenvalues are the imaginary numbers (2k − n)i, 0 ≤ k ≤ n, and, in each fibre, the corresponding eigenspaces
Furthermore, it is known that there exist Hermitian metrics on SM invariant under Clifford multiplication by tangent vectors. With respect to one of such metrics, for every 0 ≤ k ≤ n, the maps
are C-linear isometries and their sums give rise to global isometries
3. Chern-Dirac bundles 3.1. Chern-Dirac bundles and partial Chern-Dirac operators. Given an Hermitian 2n-manifold (M, g, J), we can always consider the complex Clifford bundle over M , defined by Cℓ
, where the group U n acts on Cℓ C 2n in the standard way. It is the complex analogue of the (real) Clifford bundles considered in [8] , §I.3. In full analogy with the notion of (real) Dirac bundle (see e.g. [8] , §I.5), it is convenient to introduce the following Definition 3.1. A Chern-Dirac bundle over (M, g, J) is a complex vector bundle π : E → M endowed with an Hermitian metric h, a covariant derivative D which preserves the metric and a structure of complex left Cℓ C M -module c :
satisfying the conditions:
ii) for every X ∈ X(M ), for every sections w of Cℓ
X and, consequently, any Chern-Dirac bundle over M is a Dirac bundle in the usual sense.
The main results of this paper are based on the following differential operators on Chern-Dirac bundles, which are natural analogues of Dirac operators. 
where (ǫ j , ǫ j ) is the normalized complex basis (2.1) associated with a unitary basis (e j ) ⊂ T x M , T is the torsion of D C X and T rs := T (ǫ r , ǫ s ), Trs := T (ǫ r , ǫ s ). The sum of these operators gives what we call Chern-Dirac operator
One can directly check that the formulas (3.3) define two global operators on the whole manifold, i.e. they are coordinate invariant. Indeed, if (e ′ j ) and (e k ) are unitary frames at x ∈ M with e ′ j = e k A k j , then the associated normalized complex frames are related by
Since the complex coefficients
It follows from the definition that the Chern-Dirac operator / D is a first-order elliptic operator. Moreover, it turns out that the operators (3.3) are formal adjoints of one another and, consequently, / D is formal self-adjoint. In fact Proposition 3.3. Let E be a Chern-Dirac bundle over M and σ 1 , σ 2 be two sections of
where V σ 1 ,σ 2 is the unique complex vector field that satisfies
Proof.
Let (e j ) be a unitary frame field defined on some open subset U ⊂ M and ǫ j , ǫ j the associated normalized complex vector fields defined in (2.1). One can directly check that the vector field V σ 1 ,σ 2 takes values in T 01 M . By the properties of LeviCivita connection, this implies that
On the other hand, we also have that
Using (3.7) and (3.8) we obtain that
so that (3.6) holds. The last assertion follows from Stokes' Theorem. 
Second, for each section σ, we define
c ǫ j ·ǫ k ·ǫ r ·ǫ s ·Tjk ·T rs + ǫ j ·ǫ k ·ǫ r ·ǫ s ·T jk ·Trs σ ,
where (ǫ j , ǫ j ) is the usual normalized complex frame (2.1) determined by a unitary frame (e j ) for T x M . Third, we define as Q the first order differential operator on sections of E by
A first Bochner-type formula is the following. 
Proof. Consider the decompositions of the partial Chern-Dirac operators into sums of differential operators of order 1 and 0, namely
where
Using (2.7) and standard properties of metric connections, with some tedious but straightforward computations, one gets that for each section σ of
With similar computations, one also get that
From (i) -(iv) and (3.14), it follows easily that
Here, the second term vanishes because of the First Bianchi Identity. Indeed
A formula for the square of the Chern-Dirac operator is given as follows.
Theorem 3.5. The Chern-Dirac operator of E verifies
where ∆ is the rough Laplacian of D defined locally by
and Q, R, T 1 , T 2 are the operators defined in (3.9) -(3.11).
Proof. As in the previous proof, (e j ) is a locally defined unitary frame field and (ǫ j , ǫ j ) the corresponding normalized complex frame field. Consider the decompositions of / D into a sum of differential operators of order 1 and 0, respectively, namely
Combining (i), (ii) and (iii) we have 
The formula (3.15) contains the first-order term Q, hence is hard to handle. For this reason, it is convenient to define a new covariant derivativeD on E bŷ
With a straightforward computation, one can directly check that the rough Laplacian ∆ ofD, defined locally bŷ
and so we obtain the following Theorem 3.6. The Chern-Dirac operator of E verifies
where P is defined by P := j<k<r<s g(T e j ,e k , T er,es )+g(T e j ,es , T e k ,er )+g(T e j ,er , T e k ,es ) c(e j ·e k ·e r ·e s )
and |T | 2 = j,k,r T (e j , e k , e r ) 2 .
Moreover, if the complex dimension of M is n = 2, then P = 0 and |T | 2 = 2|ϑ| 2 . So, we obtain the following Corollary 3.7. The Chern-Dirac operator over a complex surface verifies
Following the same arguments of classical Bochner type theorems, Theorem 3.4 and 3.6 can be used to determine vanishing properties for solutions of equations of the form / ∂ Y ′ σ = 0 or / Dσ = 0, provided that appropriate conditions on curvature and torsion are imposed. We do not investigate here such possibilities.
In the next sections, we prove the existence of some important Chern-Dirac bundles, canonically associated with any Hermitian manifold (not necessarily Kähler), to which all results determined so far apply immediately. -two nowhere vanishing global sections
, respectively, which are invariant under the Clifford multiplication by tangent vectors and such that
Tensoring with the sections ψ o , ϕ o , we may identify
Moreover, from (2.5), (2.6) and (2.10), one can directly prove the following useful Lemma 4.1. Let λ be a 1-form. Then for every ν ∈ Ω p,0 (M ), µ ∈ Ω 0,q (M ) we have
Considering the action of the Kähler form ω on the dual bundle S ↑ * M given by 
and so the Chern connection ω C on U g,J (M ) defines a covariant derivative of the sections
24) where:
-X is the horizontal lift of X on T U g,J (M ) determined by the connection form ω C ; -d C is the exterior covariant derivative on U g,J (M ) determined by ω C . Using (4.24) and the fact that the differential of F + is just
we get that
Since the representation κ 2n of Spin 
be the unique C-linear operations which transform each pair, given by an element w ∈ Cℓ C x M and a homogeneous decomposable V-spinor ϕ⊗ψ ∈ V p,q
p ϕ⊗(w·ψ) .
As mentioned above, the following properties hold.
Proposition 4.3.
i) The bundle VM is a Chern-Dirac bundle with respect to both (4.25).
ii) There exists an isometry ς :
Proof. The first claim follows directly from Proposition 4.2. For the second one, let
be the vector bundle isomorphism which transforms decomposable elements into
26) where α ↑ q and β ↓ p are the isometries defined in (4.21). By construction, each isomorphism ς p,q is actually an isometry of Hermitian bundles and they all combine into a global isometry
X η and this completes the proof.
The components ς p,q of the isometry ς defined in (4.26) play an important role in the following discussion. It is therefore convenient to introduce the notation
which allows to shortly indicate the map ς p,q as .27) 4.3. The algebraic structure of V-spinors. Let (M, g, J) be an Hermitian 2n-manifold and Cℓ C M its complex Clifford bundle. Since Cℓ
which maps each decomposable V-spinor ϕ⊗ψ ∈ VM into the unique element w := χ(ϕ⊗ψ) ∈ Cℓ C M defined by the condition
This gives rise to the following C-linear isomorphism between Λ · (T * C M ) and Cℓ
The reader should nonetheless be aware that such map is in general different from the canonical isomorphism Cℓ
Furthermore, the isomorphism (4.29) induces a bigradation on Cℓ C M , defined by
which is different from the one considered by Michelsohn in [10] , §2.B. We can finally define a structure of bundle of algebras on VM setting
Note that if ξ 1 = ϕ 1 ⊗ψ 1 and ξ 2 = ϕ 2 ⊗ψ 2 are homogeneous decomposable V-spinors,
, from (4.23) and (4.26) it follows that such product is nothing but
4.4.
Partial Chern-Dirac operators on V-spinors. Let (M, g, J) be an Hermitian 2n-manifold. The main result of this section consists in the proof that the partial Chern-Dirac operators on VM correspond to the standard operators ∂, ∂ * and∂ * ,∂ on differential forms.
Let us indicate with
on sections of VM determined in (3.3) using the Clifford multiplications c = · L and c = · R , respectively. In full analogy with Theorem 4.1 in [10] , we prove the following
) are formal adjoint one of the another and their squares satisfy
Moreover, the cochain complexes
are elliptic.
Proof. The first claim follows directly from Proposition 3.3, while (4.31) follows from (3.12) and properties of the curvature of Chern connection. In order to prove that
, consider a unitary frame field defined in an open subset U ⊂ M and the associated normalized complex frame (ǫ j , ǫ j ) defined in (2.1). One can directly check that i)
and then it is immediate to check that
. It remains to prove that (4.32) are elliptic. To see this, consider a real covector λ ∈ T M and observe that the principal symbols of the four partial Chern-Dirac operators are
Ellipticity follows now from the relation
and this completes the proof.
The next theorem establishes a crucial relation between the partial Chern-Dirac operators on V-spinors and the standard operators ∂, ∂ * and∂ * ,∂ on differential forms. One can immediately realize that this relation is much simpler than the analogous result on the operators D, D, considered by Michelsohn for Clifford bundles on Kähler manifolds (see [10] , Proposition 5.1). Then the partial Chern-Dirac operators verify
For the proof, we need a preparatory lemma.
Lemma 4.6. Let x ∈ M and η ∈ Ω p,q (M ). Then
where (ǫ j , ǫ j ) is the usual normalized complex frame (2.1) determined by a unitary basis for T x M .
X , the contorsion tensor acts in a natural way on forms. Actually, it can be proved by induction that its action is such that
for every X ∈ X(M ). From standard properties of Levi-Civita connection and (2.2), given an unitary basis (e j ) ⊂ T x M , we get
and so
Furthermore, one can directly check that
The remaining identities can be proved in a similar way.
We may now proceed with the proof of Theorem 4.5.
Proof of Theorem 4.5. Consider a unitary frame field (e j ) : U ⊂ M → U g,J (M ), the normalized complex vectors ǫ j , ǫ j defined in (2.1) and a form η = ν ∧ µ ∈ Ω p,q (M ). Then, using notation (4.27), from (4.22) and Lemma 4.6 it follows that
o . So we get:
Proceeding in a similar way we obtain
The remaining two cases are perfectly analogous.
4.5.
Harmonic V-spinors. Assume now that (M, g, J) is a compact Hermitian 2n-manifold and consider the Chern-Dirac operators on VM determined by (3.4) using
We call them left Chern-Dirac operator and right Chern-Dirac operator on V-spinors, respectively. As we pointed out in §4, they are both first order elliptic operators and, since M is compact, they are self-adjoint too. We call total-harmonic V-spinors the sections of VM which are in the kernel of / D Y 
. From Theorem 4.5 we obtain the following isomorphism between spaces of harmonic V-spinors and cohomology groups. 
The proof of the second isomorphism is similar. We conclude this section showing how the partial Chern-Dirac operators on Vspinors can be used to provide a spinorial characterization for the Bott-Chern and Aeppli cohomologies
We recall that both such cohomologies coincide with the usual Dolbeault cohomology in the Kähler case, and they are an important tool in studies on non-Kähler Hermitian manifolds. For an introduction to them, see e.g. [2, 3] . There is an Hodge Theory for these two cohomologies. In fact, they satisfy
where ∆ BC and ∆ A are the 4 th order elliptic self-adjoint operators defined by
Due to the fact that for every complex form η one has
it is natural to consider the operators
which we call Bott-Chern-Dirac operator and Aeppli-Dirac operator on V-spinors. From (4.35), (4.36) and Theorem 4.5, it follows directly the following Proposition 4.9. Let (M, g, J) be a compact Hermitian 2n-manifold. Then, for every 0 ≤ p, q ≤ n, the kernels of
and so there exist injective homomorphisms n p,q=0 We focus now on the case in which E = VM . We call VM ⊗W the W -twisted V-spinor bundle. It is naturally endowed with the four twisted partial Chern-Dirac operators In analogy with Theorem 4.5, we have the following important identities for the W -twisted Chern-Dirac operators. 
Twisted cohomology of
Proof. Consider a unitary frame field (e j ) : U ⊂ M → U g,J (M ), the associated normalized complex vectors ǫ j , ǫ j and a decomposable element ζ = η⊗s ∈ Ω p,q (M ; W ).
Following the same arguments of the proof of Theorem 4.5, we have Proceeding in a similar way we obtain The remaining two cases are perfectly analogous.
